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We then proceed to the case of queueing networks which may have time-of-day 
type variations in their arrival and service parameters, and provide analytical and 
numerical approximations to their stationary behaviour, and compare these approxi- 
mations to the "naive" approximations which may be used. 
Response Times in M/M/1 Time Sharing Schemes with Limited Number 
of Service Positions 
Benjamin Avi Itzhak, Technion, Haifa, Israel 
Shlomo Halfin*, Bell Communications Research, USA 
Two service schemes for an M/M/1 time sharing system with a limited number 
of service positions are studied. Both schemes possess the equilibrium properties 
of symmetric queues, however in the first one, a preempted job is placed at the end 
of the waiting line; while in the second one, it is placed at the head of the line. 
Methods for calculating the Laplace transforms and moments of the response times 
are presented. The variances of the response times are then compared numerically 
to indicate that the first scheme is superior to the second scheme. It is also indicated 
that in both cases the response time variance decreases when the number of service 
positions increase. 
Brownian Models of Open Queueing Networks 
J.M. Harrison*, Stanford University, Stanford, CA, USA 
R.J. Williams, University of California, San Diego, CA, USA 
We consider a class of multidimensional diffusion processes that arise as heavy 
traffic approximations for open queueing networks. It is explained in concrete terms 
how one approximates a conventional queueing model by one of these Brownian 
system models, and some basic properties of such Brownian models are discussed. 
This is largely a recapitulation of earlier work on heavy traffic limit theorems, with 
the emphasis placed on modeling intuition. 
Multichannel Queueing System with Semi-Ordered Entry 
Masanori Kodama*, Kyushu University, Fukuoka, Japan 
Jiro Fukuta, Aichi University, Toyohashi, Japan 
We consider the multichannel queueing system with semi-ordered entry. The 
following assumptions are made for system operation: 
(1) For the system: System has m parallel servers and channels of each server 
are denoted by 1, 2 , . . . ,  m respectively. 
(2) For arrivals: (i) All arrivals arrive at a common entry for the system; (ii) 
arrivals are Poisson distributed, with mean arrival rate = A. 
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(3) For service: (i) Each server has a maximum wa~ting space capacity Ni for 
the server of the ith's channel (Ni t> 1); (ii) service time is exponentially distributed 
for each server, with mean service rate =/x~ for the ith server; (iii) the time for 
service of a given server is independent of all prior service history, occupation of 
all servers and the size of waiting space. 
(4) For the queue discipline: (i) Arrival to the system checks each queue-length 
in front of channel, and he seeks the channels with the minimum length of queues 
unoccupied fully. And he enter to the one with minimum number in the channels 
sought above. We will call this as semi-ordered iscipline. (ii) Arrivals are denied 
service if all waiting spaces are occupied. 
In this paper, the stationary solutions for these systems are obtained and these 
results are compared with those for ordered entry queues. The model described 
here has wide applications; for example, to production systems with closed-loop 
conveyors. 
Lattice Bessel Functions and their Applications to a Transient Analysis of 
Queueing Networks 
William A. Massey, A T& T Bell Laboratories, Murray Hill, NJ, USA 
Modified Bessel functions are the key to solving the joint transient distribution 
of the M/M/1  queue and the first time it becomes idle. To solve the analogous 
problem for the N-node series Jackson network, the author was led to invent a new 
class of special functions that generalize modified Bessel functions. They are called 
lattice Besselfunctions since they are indexed by the N-dimensional integer lattice. 
A solution was obtained for the total busy period (every server is working) of a 
series Jackson network by analyzing the symmetry properties of these functions. 
We use the methods of images for the solution by showing that our state space is 
a fundamental domain of the lattice with respect o the group action induced by 
the lattice Bessel function symmetry group. Given a transient description of the 
series Jackson network before some server becomes idle, a natural follow-up issue 
is to solve for the joint distribution of the network precisely at the time that some 
queue empties. This was addressed in a subsequent paper (co-authored by Francois 
Baccelli of INRIA) using martingale techniques. Moreover, we can approximate 
these transient distributions by deriving their large time asymptotic expansions. This 
was achieved by computing the large time asymptotic expansions for lattice Bessel 
functions in a third paper, co-authored by Paul Wright of Berkeley. In a fourth 
paper co-authored by both F. Baccelli and P. Wright, we adapt these techniques to 
solving the analogous problem for a closed N-node cyclic network. Here we use 
an infinite symmetry group that decomposes into the semi-direct product of simpler 
groups. This allows us in turn to derive the spectral decomposition for the generator 
of this joint process. Finally, a fifth paper by the author applies these functions to 
